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1. Iteration of proper forcing with countable support

Notation 1.1. If P is a forcing, let ĠP denote a P -name for the P -generic filter.

Definition 1.2. Suppose that P is a forcing and ẋ, Q̇ are P -names.

(1) ẋ is a hereditarily minimal P -name if there is no P -name ẏ with |tc(ẏ| <
|tc(ẋ)| and 1P P ẋ = ẏ.

(2) Q̇ is a full P -name if for all p ∈ P , formulas ϕ, and P -names ẏ, if p P
∃z ∈ Q̇ ϕ(z), then ∃ż ∈ dom(Q̇) p P ż ∈ Q̇ ∧ ϕ(ẋ).

Lemma 1.3. Suppose that P is a forcing and that Q̇ is a P -name. Let Q̃ denote the
class of pairs (ẋ, p) such that ẋ is a hereditarily minimal P -name and p P ẋ ∈ Q̇.

Then Q̃ is a set, Q̃ is a full P -name, and 1P P Q̇ = Q̃.

Definition 1.4. (Iteration) An iteration of length γ is a pair ((Pβ)β≤γ , (Q̇β)β<γ)
such that for all β ≤ γ

(1) If p ∈ Pβ and α < β, then p � α ∈ Pα.

(2) If β < γ, then Q̇β is a full Pβ-name.

(3) If β < γ, then 1Pβ Pβ Q̇β is a forcing.

(4) If p ∈ Pβ and α < β, then p(α) ∈ dom(Q̇).

(5) If β < γ, then the map π : Pβ+1 → Pβ ∗ Q̇β, π(h) = (h � β, h(β)), is an
isomorphism.

(6) If p, q ∈ Pβ, then p ≤Pβ q if and only if (p � α) �Pα p(α) ≤Q̇α q(α) for all
α < β.

(7) If α < β, then 1̇Q̇α := 1Pβ (α) is a P-name for 1Q̇α .

(8) If p ∈ Pβ, α < β, and q ≤Pα (p � α), then qa(p � [α, β)) ∈ Pβ.
(9) Pβ is separative, i.e. ∀p, q ∈ Pβ (p 6≤ q ⇒ ∃r ≤ p r ⊥ q).

We sometimes write Pγ for the iteration ((Pβ)β≤γ , (Q̇β)β≤γ). As for the two-step
iteration we have the following.

Lemma 1.5. If M is a ground model, ((Pβ)β≤γ , (Q̇β)β≤γ) is an iteration in M ,
and G is M -generic for Pγ , then

(1) Gβ := {p � β | p ∈ G} is M -generic for Pβ.

(2) gβ := {q̇Gβ | ∃p ∈ Pβ pa(q̇)a1(β,γ) ∈ G} is M [Gβ ]-generic for Q̇Gβ .

Definition 1.6. (µ-support iteration) Suppose that µ is a regular cardinal. Suppose

that ((Pβ)β≤γ , (Q̇β)β≤γ) is an iteration.

(i) If p ∈ Pβ, then supp(p) = {α < β | p(α) 6= 1̇Q̇α} is the support of p.
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(ii) An iteration ((Pβ)β≤γ , (Q̇β)β≤γ) is a < µ-support iteration if for all limits
β ≤ γ, Pβ is the set of sequences p satisfying the conditions for the iteration
and with |supp(p)| < µ.

Remark 1.7. The finite support iteration defined earlier, together with the extra
conditions of full names and separativity, is equivalent to the finite support iteration
in the previous definition.

For an iterated forcing Pγ , the maps πα,β : V Pα → V Pβ are defined for α ≤ β ≤ γ
as for the finite support iteration.

Remark 1.8. Suppose that ((Pβ)β≤γ , (Q̇β)β≤γ) is a countable support iteration

such that for all β < γ, 1Pβ Pβ Q̇β is proper.

The aim is to show that Pγ is proper, i.e. for all λ > 2|Pγ |, all (M,∈, <) ≺
(Hλ,∈, <) with Pγ ∈M , and all p ∈ Pγ ∩M , there is an (M,Pγ)-generic condition

q with q Pγ p ∈ ĠPγ (⇐⇒ q ≤ p since Pγ is separative).
We show this by induction, and the inductive hypothesis is slightly stronger.

(i) q should extend a given (M,Pβ)-generic condition q0 for a give β < γ.
(ii) instead of p ∈ Pγ we work a name ṗ for a condition in Pγ .

The preservation of properness in countable support iterations follows from
Lemma 1.10.

Lemma 1.9. Suppose that P is proper and Q̇ is a full P -name such that 1P P Q̇ is
proper. Suppose that (M,∈, <) ≺ (Hλ,∈, <) is countable with (P∗Q̇) ∈M . Suppose
that q0 ∈ P is (M,P )-generic, ṗ, ṗ0, ṗ1 are P -names with 1P P ṗ = (ṗ0, ṗ1) such
that

q0 P ṗ ∈ (M ∩ (P ∗ Q̇)) ∧ ṗ0 ∈ Ġ.
Then there is a P -name q̇1such that (q0, q̇1) is (M,P )-generic and (q0, q̇1) P∗Q̇
ṗ ∈ ĠP∗Q̇.

Proof. Suppose that G is V -generic on P with q0 ∈ G. Let p = ṗG and Q = Q̇G.
Then p ∈ M ∩ R and p = (p0, ṗ1) with p0 ∈ G. Since ṗ1 ∈ M and P is proper,
we have p1 := ṗG1 ∈ M [G] ∩Q, by considering a bijection between dom(P ) and an
ordinal in M .

We have M [G] ≺ Hλ[G] = H
V [G]
λ by Lemma 95. Since Q is proper, there is an

(M [G], Q)-generic condition q1 ≤ p1 in V [G]. Suppose that q̇1 is a P -name for q1.

This uses that Q̇ is full.
Since q0 is (M,P )-generic by the assumption and since q0 P ”q̇1 is (M [ĠP ], Q̇)-

generic”, (q0, q̇1) is (M,P ∗ Q̇)-generic by Lemma 104. Since q0 P ṗ0 ∈ ĠP and

q0 P q̇1 ≤ ṗ1, we have (q0, q̇1) P∗Q̇ ṗ ∈ ĠP∗Q̇. �

Lemma 1.10. Suppose that ((Pβ)β≤γ , (Q̇β)β≤γ) is a countable support iteration

such that for all β < γ, 1Pβ Pβ Q̇β is proper. Suppose that λ > 2|P |, (M,∈, <) ≺
(Hλ,∈, <) is countable with Pγ ∈M .

Then for every β0 ∈ γ ∩M , every (M,Pβ0)-generic condition q ∈ Pγ , and every
Pβ0-name ṗ0 with

q0 Pβ0 ṗ ∈ (Pγ ∩M) ∧ ṗ0 � β ∈ ĠPβ0 ,
there is an (M,Pγ)-generic condition q ∈ Pγ such that q � β0 = q0 and q Pβ0 ṗ0 ∈
Ġγ .
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Proof. Note that ((Pβ)β≤γ) ∈ M and hence Pβ ∈ M for all β ∈ M . We prove the
claim by induction on γ ∈ Ord. If γ is a successor ordinal, the claim follows from
the previous lemma.

Suppose that γ is a limit ordinal. Suppose that (βn)n∈ω is a strictly increasing
sequence of ordinals in γ ∩M cofinal in γ ∩M with β0 = β. Suppose that (Dn)n∈ω
is an enumeration of all dense subsets D ⊆ Pγ with D ∈M .

Construction 1.11. We will construct a sequence (qn, ṗn)n∈ω such that for all
n ∈ ω
(1n) (a) qn ∈ Pβn ,

(b) qn+1 � βn = qn,
(2n) (a) ṗn is a Pβn-name,

(b) ṗ0 = ṗ,

(3n) (a) qn Pβn ṗn ∈ (Ṗγ ∩M),
(b) qn Pβn ṗn ≤ πβn−1,βn(ṗn−1) if n ≥ 1,
(c) qn Pβn ṗn ∈ Dn−1 if n ≥ 1,

(4n) qn Pβn ṗn � βn ∈ ĠPβn .
(5n) qn is (M,Pβn)-generic.

Suppose that we have already constructed (qn, ṗn) satisfying Conditions (1n)−
(5n).

Claim 1.12. There is a condition qn+1 ∈ Pβn+1
extending qn and a Pβn-name

ṗn+1 satisfying the Conditions (1n+1)− (5n+1).

Proof. Suppose that G is V -generic on Pβn with qn ∈ G. Let pn = ṗGn . Then
pn ∈ Pγ ∩M and pn � βn ∈ G by (3n)(a) and (4n).

Let D′n = {r � βn ∈ Pβn | r ∈ Dn}. It is easy to check that D′n is dense in Pβn ,
since Dn is dense in Pγ . Since (pn � βn), Dn ∈ M and M ≺ Hλ, there is some
p ≤ (pn � βn) with p ∈ D′n ∩M . Then there is some pn+1 ∈ Pγ with

(i) pn+1 � βn = pn and
(ii) pn+1 ∈ Dn.

Suppose that p′n+1 is a Pβn -name for pn+1 such that qn forces (i),(ii) for p′n+1. Let
ṗn+1 = πβn,βn+1(p′n+1). The conditions (1n+1)− (3n+1) hold for any qn+1 ∈ Pβn+1

extending qn.
We have

qn Pβn (ṗn+1 � βn+1) ∈ (Pβn+1
∩M) ∧ (ṗn+1 � βn) ∈ Ġβn .

The statement of the lemma holds for (βn, βn+1) instead of (β, γ) by the inductive
hypothesis. So there is an (M,Pβn+1

)-generic condition qn+1 ∈ Pβn+1
with qn+1 �

βn+1 = qn and qn+1 Pβn+1
(ṗn+1 � βn+1) ∈ Ġβn+1

. This shows (4n+1) and

(5n+1). �

Now let q ∈ Pγ denote the limit of (qn)n∈ω. Then q ∈ Pγ and q � β0 = q0.

Claim 1.13. q Pγ ṗn ∈ Ġγ for all n ∈ ω.

Proof. Suppose that G is V -generic on Pγ and let pn = ṗGn . Let Gα = {p � α |
p ∈ G} for α ≤ γ. Let δ = sup(M ∩ γ). Since pn � βm ∈ Gβm ∩M for all m ≥ n
by Condition (4), we have pn � δ ∈ Gδ. Since pn ∈ M by Condition (3n)(a),
supp(pn) ⊆M . Hence pn ∈ G. �
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Claim 1.14. q is (M,Pγ)-generic.

Proof. It is sufficient to show that Dn ∩M is predense below q for all n.
Otherwise there is a V -generic filter G on Pγ with q ∈ G and G ∩Dn ∩M = ∅.

But q Pγ πβn+1,γ(ṗn+1) ∈ (ĠPβn+1
∩ Dn ∩M) by Conditions (4n+1), (3n+1)(c),

and (3n+1)(a). �

This completes the proof of the lemma. �

Corollary 1.15. If Pγ is a countable support iteration of proper forcings, then
forcing with Pγ preserves ω1.

2. Equivalent definitions of proper forcing

Definition 2.1. Suppose that S is an uncountable set and κ > ω is a cardinal.
Suppose that A ⊆ [S]<κ = {X ⊆ S | |X| < κ} or A ⊆ [S]κ = {X ⊆ S | |X| = κ}.

(1) A is unbounded if for all x ∈ [S]κ (or [S]κ), there is some y ∈ A with
x ⊆ y.

(2) A is closed if for all chains (xα)α<γ with xα ⊆ xβ for α < β, if
⋃
α<κ xα ∈

[S]<κ (or [S]κ, then
⋃
α<κ xα ∈ A.

(3) A is directed if for all x, y ∈ A, there is some z ∈ A with x ∪ y ⊆ z.
(4) A is stationary if A ∩ C 6= ∅ for every club C ⊆ [S]<κ (or [S]κ).
(5) If f : [S]<ω → [S]<κ is a function, x ∈ [S]<κ is a closure point of f if

f(e) ⊆ x for all e ∈ [x]<ω. Let Cf ⊆ [S]<κ denote the club of closure points
of f .

(6) If F : [S]<ω → S is a function, x ∈ [S]ω is a closure point of F if F (e) ∈ x
for all e ∈ [x]<ω. Let CF ⊆ [S]ω denote the club of closure points of F .

Lemma 2.2. Suppose that κ > ω is a cardinal and that C ⊆ [S]<κ is closed. If
A ⊆ C is directed and |A| < κ, then

⋃
A ∈ C.

Proof. Suppose that A = {xα | α < λ} is a counterexample of minimal size λ < κ.
We construct a weakly increasing sequence (Aα)α<λ of directed subsets of A

of size < λ with xα ∈ Aα. Then
⋃
Aα ∈ C for α < κ, since λ is minimal. So⋃

A =
⋃
α<κ(

⋃
Aα) ∈ C. �

Lemma 2.3. Suppose that S is an uncountable set and κ > ω is a regular cardinal.
For every club C ⊆ [S]<κ, there is a function f : [S]<ω → [S]<κ such that Cf ⊆ C.

Proof. We construct f : [S]<ω → [S]<κ with e ⊆ f(e) ∈ C for all e ∈ [S]<ω and
f(e0) ⊆ f(e1) if e0 ⊆ e1 by induction on |e|.

We claim that Cf ⊆ C. If x ∈ Cf , then x =
⋃
{f(e) | e ∈ [x]<ω} ∈ C by the

previous lemma. �
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