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PHILIPP SCHLICHT

1. ITERATION OF PROPER FORCING WITH COUNTABLE SUPPORT
Notation 1.1. If P is a forcing, let Gp denote a P-name for the P-generic filter.

Definition 1.2. Suppose that P is a forcing and &, Q are P-names.
(1) & is a hereditarily minimal P-name if there is no P-name § with |tc(y| <
[te(2)] and 1p IkFp & =19.
(2) Q is a full P-name if for all p € P, formulas , and P-names 4, if p IFp
Jz € Q ¢(z), then 3z e dom(Q) plkp 2€ QA o(z).

Lemma 1.3. Suppose that P is a forcing and that Q is a P-name. Let Q denote the
class of pairs (i:,p) such that @ is a hereditarily minimal P-name and p I-p & € Q.
Then Q is a set, Q is a full P-name, and 1p lFp Q = Q.

Definition 1.4. (Tteration) An iteration of length v is a pair ((Pg)s<~, (Qs)s<)
such that for all B <~
(1) If pe Pg and o < B, thenp | a € Py,.
(2) If B <, then Qg is a full Pg-name.
(3) If B <7, then 1p, IFp, QB s a forcing.
(4) If p € Ps and o < B, then p(a) € dom(Q).
(5) If B < =y, then the map 7: Psi1 — Ps* Qg, n(h) = (h | B,h(B)), is an
isomorphism.
(6) If p.q € Pg, then p <p, q if and only if (p | a) Fp, p(a) <g_ q(a) for all
a < . )
(7) If a < B, then 15 = 1p,(a) is a P-name for 1 .
(8) Ifp € Pg, a < B, and q <p, (p | o), then ¢"(p [ [a, B)) € Pp.
(9) Pg is separative, i.e. Vp,q € Pg (p £ ¢=3Ir <pr Lq).

We sometimes write P, for the iteration ((Pg)s<+, (Qg)s<). As for the two-step
iteration we have the following.

Lemma 1.5. If M is a ground model, ((Ps)s<~,(Qp)s<~) is an iteration in M,
and G is M-generic for P, then

(1) Gg:={p 1 B |pe€ G} is M-generic for Pg.

(2) g5 :={¢% | Ip € Ps p~(4)"1(5,4) € G} is M[Gg]-generic for Qg
Definition 1.6. . (u-support iteration) Suppose that p is a regular cardinal. Suppose
that ((Ps)s<~,(Qp)p<~) is an iteration.

(i) If p € Pg, then supp(p) = {a < 8 | p(a) # iQa} is the support of p.
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(i) An iteration ((Pg)s<~,(Qp)s<~) is a < p-support iteration if for all limits
B < 7y, Pg is the set of sequences p satisfying the conditions for the iteration
and with |supp(p)| < p.

Remark 1.7. The finite support iteration defined earlier, together with the extra
conditions of full names and separativity, is equivalent to the finite support iteration
in the previous definition.

For an iterated forcing P,, the maps 7, g: VP — VPs are defined for a < g < v
as for the finite support iteration.

Remark 1.8. Suppose that ((Pﬁ_)ﬁﬁw(QB)ﬁév) is a countable support iteration
such that for all B <y, 1p, IFp, Qg is proper.

The aim is to show that P, is proper, i.e. for all A > 2121 qll (M, g,<) <
(Hx, €,<) with Py, € M, and all p € PyN M, there is an (M, P, )-generic condition
q with qlkp, p € G’p7 (<= q < p since P, is separative).

We show this by induction, and the inductive hypothesis is slightly stronger.

(i) q should extend a given (M, Pg)-generic condition qo for a give 8 < 7.
(i1) instead of p € P, we work a name p for a condition in P,.

The preservation of properness in countable support iterations follows from
Lemma [1.10)

Lemma 1.9. Suppose that P is proper and Q is a full P-name such that 1p I-p Q is
proper. Suppose that (M, €,<) < (Hx, €,<) is countable with (P*Q) € M. Suppose
that qo € P is (M, P)-generic, p,po,p1 are P-names with 1p IFp p = (Po,p1) such
that . )
Q@lFppe(MNP*Q)) Apo €G.
Then there is a P-name qisuch that (qo,q1) is (M, P)-generic and (qo,¢1) Fp,¢
pE GP*Q
Proof. Suppose that G is V-generic on P with ¢y € G. Let p = p© and Q = Q°.
Then p € M N R and p = (po, p1) with pg € G. Since p; € M and P is proper,
we have p; := pf € M[G] N Q, by considering a bijection between dom(P) and an
ordinal in M.

We have M[G] < HA\[G] = H;/[G] by Lemma 95. Since @) is proper, there is an
(M[G], @)-generic condition ¢; < p; in V[G]. Suppose that ¢; is a P-name for ¢;.
This uses that @ is full.

Since qq is (M, P)-generic by the assumption and since qq I-p 7§y is (M[Gp], Q)-
generic”, (qo,¢1) is (M, P % Q)-generic by Lemma 104. Since qo IFp po € Gp and
qo |FP 111 S].)l,WG have (qO,ql) IFP*QPGGP*Q O

Lemma 1.10. Suppose that ((Pg)s<~,(Qp)s<y) is a countable support iteration
such that for all B <=, 1p, IFp, Qg is proper. Suppose that X > 2171, (M, e, <) <
(Hx, €,<) is countable with P, € M.

Then for every By € vy N M, every (M, Pg,)-generic condition q € P, and every
Pg,-name py with

qo IFpy, D€ (PyNM)Apo | B €Gpy,,

there is an (M, Py)-generic condition ¢ € P, such that q | By = qo and q IFp,, Po €
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Proof. Note that ((Pg)s<~) € M and hence Pg € M for all 8 € M. We prove the
claim by induction on v € Ord. If « is a successor ordinal, the claim follows from
the previous lemma.

Suppose that v is a limit ordinal. Suppose that (8, )ncw is a strictly increasing
sequence of ordinals in v N M cofinal in y N M with Sy = 8. Suppose that (Dp,)new
is an enumeration of all dense subsets D C P, with D € M.

Construction 1.11. We will construct a sequence (gn,Pn)new Such that for all
new

(1) (a) gn € Pg,,
(0) Gni1 1 Bn = qn,
(2n) (a) pn is a Pg,-name,
(b) po = p, '
(3n) (a) anFp,, Pn € (PyNM),
(b) anltpy, Pn < s, 1.8, (Pn—1) if n > 1,
(C) dn H_Pgn Pn € Dy an >1,
(471) Qn H_Pgn pn rﬁn E GPBn .
(5n) Gn is (M, Py, )-generic.

Suppose that we have already constructed (g, p,) satisfying Conditions (1,,) —
(Bn)-

Claim 1.12. There is a condition q,+1 € Pg,,, extending g, and a Pg, -name
Dna1 satisfying the Conditions (1p41) — (5pt1)-

Proof. Suppose that G is V-generic on Ps, with ¢, € G. Let p, = pS. Then
pn € Py N M and p, [ B, € G by (3,)(a) and (4,).

Let D], ={r | B, € Pg, | r € D,}. It is easy to check that D/, is dense in Pg,_,
since D, is dense in P,. Since (p, | Bn),Dn € M and M < H), there is some
p < (pn | Bn) with p € D, " M. Then there is some p, 1 € P, with

(i> Pn+1 | Bn = pn and
(11) Pn+1 S Dn-

Suppose that p, ,; is a P, -name for p,,; such that ¢, forces (i),(ii) for p;, ;. Let

Pn+1 = T8, 8,11 (P41). The conditions (1,41) — (3,41) hold for any ¢,41 € Pg, .,

extending q,.
‘We have

dn ”_P[fn (Prt1 [ Bny1) € (Pﬁn+1 NM)A (Prs1 | Bn) € Gﬁn'
The statement of the lemma holds for (5,,, 8,+1) instead of (3,+) by the inductive
hypothesis. So there is an (M, Pg, _,)-generic condition ¢, 41 € Pg, , with g1 |
Brn+1 = @ and gni1 bp, o (Pns1 [ Bus1) € Gp,,,- This shows (4,11) and
(Br+1)- O

Now let ¢ € P, denote the limit of (¢n)new. Then g € P, and q [ Bo = qo.

Claim 1.13. q lFp, p, € Gw for alln € w.

Proof. Suppose that G is V-generic on P, and let p, = p$. Let G, = {p | « |
p € G} for a <. Let 6 =sup(M N~). Since py, | Bm € Gg,, N M for all m > n
by Condition (4), we have p, [ 6 € Gs. Since p, € M by Condition (3,)(a),
supp(p,) € M. Hence p,, € G. O



4 PHILIPP SCHLICHT

Claim 1.14. ¢ is (M, P,)-generic.

Proof. 1t is sufficient to show that D, N M is predense below ¢ for all n.
Otherwise there is a V-generic filter G on P, with ¢ € G and GND, N M = (.

But q IFp, 7,y 4 (Pni1) € (Gpﬁ7l+1 N D, N M) by Conditions (4,+1), (3n+1)(c),

and (3,41)(a). O

This completes the proof of the lemma. O

Corollary 1.15. If P, is a countable support iteration of proper forcings, then
forcing with P, preserves w.

2. EQUIVALENT DEFINITIONS OF PROPER FORCING

Definition 2.1. Suppose that S is an uncountable set and k > w is a cardinal.
Suppose that A C [S]<F ={X CS||X| <k} orAC[S]"={X CS||X|=k}.
(1) A is unbounded if for all x € [S]* (or [S]*), there is some y € A with
z Cuy.
(2) A is closed if for all chains (T4)a<y with xo C xg for o < B, if Jyep, Ta €
[S]<* (or [S]%, then Jqye\ Ta € A.
(8) A is directed if for all x,y € A, there is some z € A with x Uy C z.
(4) A is stationary if ANC # 0 for every club C C [S]<* (or [S]").
(5) If f:[S]<¥ — [S|=" is a function, x € [S]<" is a closure point of f if
f(e) Cx foralle € [z]<*. Let Cy C [S]<" denote the club of closure points
of f.
(6) If F: [S]<¥ — S is a function, x € [S]* is a closure point of F if F(e) €
for all e € [x]<%. Let Cp C [S]¥ denote the club of closure points of F.

Lemma 2.2. Suppose that k > w is a cardinal and that C C [S]<" is closed. If
A C C is directed and |A| < K, then |JA € C.

Proof. Suppose that A = {z, | & < A} is a counterexample of minimal size A < k.
We construct a weakly increasing sequence (Aq)a<x of directed subsets of A
of size < A with z, € A,. Then |JA, € C for a < k, since X\ is minimal. So

UA=Us<x(UA4a) € C. O

Lemma 2.3. Suppose that S is an uncountable set and k > w is a regular cardinal.
For every club C C [S]<", there is a function f: [S]< — [S]<" such that C; C C.

Proof. We construct f: [S]<% — [S]<" with e C f(e) € C for all e € [S]<* and
f(eo) C f(e1) if g C eg by induction on |e|.
We claim that Cy C C. If x € Cy, then z = [J{f(e) | e € [z]<¥} € C by the

previous lemma. O
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